that an untransposed open-ended line causes a negative sequence component in the current and the generator reacts through third and higher harmonic voltages. The currents and voltages can be greatly amplified by resonance to any of these harmonics. The phenomenon of machine-line interaction has traditionally been explained as a sequence of interactive events between the line and the machine. This paper presents a unified noniterative mathematical representation of this interaction. The analysis is formulated in the Harmonic Domain abc-frame to detect resonance conditions and for the assessment of their stability.
I. INTRODUCTION
T HE interaction of inductive and capacitive elements in a network can produce resonance effects. This can lead to overvoltages and failure in the electrical equipment. In addition, instability conditions could appear. Only a few research studies have presented numerical results on resonance conditions when a generator is connected to a capacitive load or a transmission line [1] - [4] . These reports explain the phenomenon as a sequence of effects without a comprehensive mathematical formulation. To fill the void, this paper presents an analytical methodology to characterize the interaction of such systems with the purpose of detecting resonance and instability conditions. The phenomenon analyzed is related to any of the natural frequencies corresponding to a standing wave pattern on the open-ended transmission line. This may coincide with the fundamental or an odd harmonic of the power frequency. The source of the resonance is the positive-sequence, fundamental-frequency (Thevenin) machine voltage, and possibly some space harmonics due to saliency. If the line is unbalanced, the charging current will have a negative-sequence component which produces induced voltages in the machine of higher harmonic frequency. The interaction is complex and therefore an appropriate tool is needed for its quantitative description.
We use Harmonic Domain (HD) representation of the system to analyze its dynamic and steady state behavior. It allows us to obtain the resonance conditions for the system based on the eigenanalysis of its Harmonic Domain Transfer Function A. Ramirez is with CINVESTAV-Guadalajara, Guadalajara, Jalisco, Mexico 45090 (e-mail: abner.ramirez@cts-design.com).
A. Semlyen (HDTF) [3] , [5] . Taking into account that harmonics due to phase imbalance of the transmission line are an essential part of the analysis, we have chosen the abc-frame of reference for the representation of the generator. The paper is organized as follows. In Section II the general theory of Dynamic Harmonic Domain (DHD) is developed. The DHD models for the generator and the transmission line are presented in Section III. The interactions in steady and dynamic states are presented in Sections IV and V.
II. GENERAL THEORY

A. Dynamic and Steady States in the Harmonic Domain
A linear time periodic (LTP) system (e.g., the synchronous machine in abc-frame in this study) can be transformed into a linear time invariant (LTI) system by using the extended or dynamic harmonic domain (DHD) representation [6] . One of the major advantages of the DHD is that the time periodic coefficient matrices become constant Toeplitz-type matrices. Consider for instance the LTP system for the scalar case (1a) (1b) where subscript stands for time-periodic; for example, coefficient is defined as
The state representation (1) can be expressed in DHD as [5] , [6] (2a)
where the variables are now complex vectors with time-varying coefficients, e.g., In the three-phase case the scalar coefficients in (1) become matrices; each time-varying element in (3a) is formed by three elements; an element from (3b) becomes a Toeplitz submatrix, and each differentiator from (3c) is repeated three times.
The Harmonic Domain Dynamic Transfer Function (HDDTF) of (2) is [5] (4) where is the complex frequency. If the variation with respect to time is suppressed in (2), then we have the steady state representation of the LTP system given by (5a) (5b) and (4) becomes the steady state HDTF (6) We have shown above that a time periodic phenomenon can be represented by the set of linear differential equations (2), with corresponding HDDTF as in (4) . A particular case is the steady state in which (2a) is reduced to the set of algebraic equations (5a) by setting and the corresponding HDTF (6) is obtained by setting in (4) . In this paper we focus primarily on the calculation of resonances of the LTP system in steady state by analyzing the HDTF from (6) . In this case, the output (voltages and currents) is calculated directly from (5b). We are then also interested in assessing stability properties of the LTP system (1). This is done in the DHD via the eigenanalysis of the constant matrix in (2a). If in addition we are interested in calculating a transient, then the LTP model (1) or the LTI model (2) can be used. However, we notice that the latter is a higher-dimensional set of differential equations, according to the number of harmonics included, and therefore its computational efficiency is questionable.
B. Harmonic Vector (HV) and Harmonic Domain Transfer Function (HDTF)
Let us define vector (and ) as a Harmonic Vector (HV) with the property [7] ( 7) where is the conjugate of . We note that this is an unconventional way of defining , the conventional definition of being the flipped conjugate of which would entail a permutation (flipping) of the elements of the matrices obtained below.
The Harmonic Domain Transfer Function (HDTF), , is for a given harmonic ( denoting the conjugate) of the form (8) which can be easily verified if we substitute (7) and (8) In the following we show the relation between two eigenvectors, and , of associated with a pair of complex-conjugate eigenvalues. Let the first eigenvector be partitioned into its upper and lower halves If we now take the conjugate of (10b), we find that it becomes (10a). Thus, and form a HV when combined as a pair with complex-conjugate coefficients. Similarly, an eigenvector corresponding to a real eigenvalue of is a HV by itself; this can be shown by assuming a real number in the procedure above.
III. TRANSMISSION LINE AND GENERATOR MODELS IN THE DHD
A. Transmission Line Model in Open Circuit
The Frequency Domain current/voltage relation from the sending end ( also designates the stator terminal of the generator) for an open-ended transmission line is (11) where and represent the characteristic admittance and the propagation function, respectively, of a line of length ( being the current entering the generator). Approximating the transfer function in (11) by rational functions yields, with conventional notations
where the poles of the approximation are contained in the diagonal matrix is a column vector with entries normalized to "ones" and the residues of the realization are contained in [8] . The time domain representation (12) of the line can be expressed in the DHD as in (2) . In Appendix A we present the derivation of (2) for the single-phase case; a similar procedure applies for the three-phase case.
B. Generator Model
As mentioned earlier, the generator is modeled in the abcframe. This allows us to include space harmonics in the inductive circuit (see Appendix B). In addition, in this frame the physical meaning of harmonics is clearer than in the -frame. The detailed model of the synchronous machine for time domain and DHD is presented in Appendix B, using the motor convention. A step-up transformer may be taken into account by lumping its inductances with those of the machine. For convenience we review in this section the main equations. These are, the time domain representation 
IV. STEADY-STATE INTERACTION
In this section we present the steady state analysis of a generator connected either to a capacitive load or to a transmission line. Although the first is not a practical system, it is used here to introduce the problem and to simplify the analysis of resonance conditions.
A. Mathematical Description
From here on, the field voltage of the generator is assumed a constant quantity and up to the and harmonics are taken into account for voltages and currents in the rotor and in the stator, respectively. For example, in the case of the generator model described in Appendix B, the vector of size 36 1 is formed by zeros except for the 17th element corresponding to the constant voltage of the field winding. (17) where represents the capacitive load or the line admittance given by (11) . Combining (15) and (17) we get (18) where is the identity matrix. Modal decomposition of gives (19a) where is the modal representation of , and the corresponding diagonal matrix of eigenvalues of . Equation (19a) can be expressed also as (19b) where is the -th column (normalized to "unity" by Matlab) of the eigenvector matrix . From (19b) we notice the possibility of an amplification of the output voltage for each eigenvector by the respective product of and ; the elements of the corresponding eigenvector contain the information on which harmonics are amplified by .
B. Generator/C-Load Without Space Harmonics
As a numerical example, consider an unbalanced load where the value of the capacitance in phase , is varied from 0.001 p.u. to 10 p.u. in 500 steps; the values for the other phases are and . Based on (19b), the upper plot in Fig. 1 shows the magnitude of the eigenvalues , the middle plot the magnitude of the products (only those bigger than unity), and the lower plot the norm of obtained from (18). The horizontal axis in Fig. 1 represents . As stated earlier, we note from Fig. 1 that a resonance condition does not depend only on the biggest eigenvalues but on their product with the modal components of . The harmonic components of are shown in Fig. 2 as a function of . The arrow in this figure indicates the most visible resonance occurring at p.u. For this value of capacitance the dominant harmonic corresponds to the fundamental as shown in Fig. 2 . We can see clearly from this figure the frequency conversion effects, i.e., higher harmonics react to the negative sequence current generated by the unbalanced load. Similar results are obtained for terminal currents in the examples presented in this paper and, therefore, they are not shown. Further experiments with more steps for show that the output voltages and currents can reach very big values at the resonance point limited only by the small amount of losses in the generator.
C. Generator/C-Load With Space Harmonics
Consider the system described above with the generator having space harmonics. In other words, the stator inductances have additionally even components up to the 10th harmonic and the stator-rotor mutual inductances contain odd components up to the 9th harmonic (see Appendix B). In this paper, we have considered 5, 1, 0.5, and 0.1% of the 2nd and of the 1st harmonic for stator and stator-rotor, respectively. A more detailed account on space harmonics can be found in [9] .
Figs. 3 and 4 show results similar to those presented in Figs. 1 and 2. The most visible resonances appear at , and p.u. The harmonic content of for these resonance points is shown in Fig. 5 where the largest harmonic has been normalized to unity. From Figs. 4 and 5 we can see that the resonating harmonics of are the 5th, 1st, and 3rd. These figures show that higher harmonics are excited and produce resonances. This can be explained by vector being now a full HV as the impedance matrices in (16) include higher harmonic components due to space harmonics.
D. Generator/Transmission Line Without Space Harmonics
Nextweanalyzethecaseofathree-phaseopen-endedtransmission line connected to a generator via an ideal transformer. As a numerical example, the length of a horizontal line, with height of 16 m and separation between conductors of 10 m, has been varied from 10 km to 1000 km in 500 steps. Similarly to Figs. 1 and 2 , the results for this example are shown in Figs. 6 and 7 having now the length of the line in the horizontal axis. The point of resonance occurs at a length of 427.8 km with the fundamental dominant over higher harmonics as shown in Fig. 7 .
In contrast to the capacitive load case, further experiments with finer discretization in the line lengths show that the magnitude of at the resonance point remains at the same value as in Fig. 6 . This agrees with the fact that the system has higher losses.
E. Generator/Transmission Line With Space Harmonics
Consider next that the generator has space harmonics of the same magnitude as for the generator-capacitive load system of Section IV.C. Figs. 8 and 9 show results similar to those presented in Figs. 6 and 7. We note from these results that the additional resonances due to space harmonics are damped out in the case of a transmission line connected to the generator. The arrows in Fig. 9 correspond to resonances at and km. The harmonic content of for these resonance points is shown in Fig. 10 where the largest harmonic has been normalized to unity.
The two examples presented in this section correspond to slightly unbalanced systems. Further numerical experiments with stronger unbalanced conditions have shown that the points of resonance are shifted according to the degree of unbalance. In addition, a corresponding change in the amplitude of the harmonic variables was observed.
V. DYNAMIC INTERACTION
In the present section, the systems of Section IV are formulated in the DHD and their stability properties are analyzed.
A. Generator/C-Load
The synchronous machine model in the DHD is expressed by (13b) and is repeated here as 
or in a more compact form
From (23) we can obtain the input/output relation (similar to (4)) (24) Equation (24) is equivalent to (18) when . From (24) we can see that the poles of correspond to the eigenvalues of matrix in (22a). It is important to note that although the steady state of the system can always be computed from (18), its stability is defined by the eigenvalues of in (22a). This indicates that the steady state of the system can only be reached when it is stable.
The eigenvalues of from (22a) corresponding to the system generator/capacitive load (Section IV.B) were calculated for each value of capacitance. This resulted in a stable region for and unstable otherwise. Considering that the positive sequence inductance of the generator is 1.71 p.u., the natural frequency of oscillations at p.u. is p.u. At this natural frequency the machine acts as an induction generator which feeds energy into the system. This explains the reason for the instability [10] , [11] .
From the results obtained in Section IV.B we notice that it is possible to reach the steady state for the resonant point at p.u. However, the eigenanalysis of (22a) leads to instability of the system. In fact, we did not take saturation in the generator into account and the losses are minimum, thus allowing for the flux to grow indefinitely. On the other hand, when a magnetic circuit saturates, the inductance decreases. If we consider this in the system of Section IV.B, the point at p.u. becomes stable. Therefore, this resonance is initially unstable but a stable solution may be reached if we let the inductance saturate or include enough losses in the system. In this paper the machine inductance matrix was reduced in a simple way by a factor ; a more complex representation of saturation [10] - [12] is not considered in this paper. Thus, the DHD system (28) can be expressed as in (23) or (24).
B. Generator/Transmission Line
The eigenvalues of from (28a), corresponding to the system in Section IV.D, were calculated for line lengths up to 500 km. In contrast to the pure capacitive load, all cases exhibit stable eigenvalues. Therefore, with this system we can obtain accurately by (28) via numerical integration the steady state values shown in the lowest plot of Fig. 6 .
C. Effect of Space Harmonics in the DHD
We notice that space harmonics have not been included in the examples presented in the preceding Sections V-A and B. Numerical experiments have shown that the stability of the system is greatly affected by space harmonics. For example, stability is not assured for all the values of capacitance or lengths of line for the examples presented if 10% or more of the basic inductance terms is used to include space harmonics. We do not however pursue in detail in this paper the mathematical analysis of stability in the presence of space harmonics.
D. Accuracy Assessment of Stability Analysis
In this paper the stability of the system is assessed via the eigenanalysis of the HD matrix in (23a). A more accurate approach could be the application of Floquet theory [13] to the original LTP system (1). It implies examining the eigenvalues of the "average" of matrix . Since the HD approach is obtained from the LTP system (1), both methods of assessing stability become equivalent if enough harmonics are included in the former, i.e., if the truncation error is minimized.
VI. CONCLUSION
The interaction between a system consisting of a generator and a capacitive load or an open-ended transmission line is analyzed. The modeling of these components is done in the Harmonic Domain abc-frame of reference, making possible the inclusion of imbalances and shedding light on frequency conversion effects. Resonance conditions were characterized using the static model of the system while stability issues have been addressed using its dynamic formulation.
Since the transmission line has several natural frequencies, more than one pattern of resonance may exist. In some of these the fundamental is not necessarily dominant. The possibility of dominance for higher harmonics become more pronounced in the presence of space harmonics in the generator.
An important result is also that the system can be unstable if the element connected to the generator does not have enough losses or if saturation is not included in the modeling of the generator.
APPENDIX A LINE MODEL IN THE DHD
For simplicity, consider that only two poles are used for the rational approximation [8] of the transfer function (11) . Then (12) 
APPENDIX B GENERATOR MODEL IN THE DHD
We have adopted the notation from [11] for the representation of a generator (in this paper we use the terms generator and synchronous machine interchangeably) with two windings along the -axis ( and and two along the -axis ( and . Although any number of space harmonics can be considered, for simplicity only up to the second harmonic is included in the derivation below.
A. Basic Parameters
The data for the generator used in this paper have been adopted from [10] 
C. Dynamic Harmonic Domain Representation
The representation of (34) in the DHD is (35) which becomes (13b).
For simplicity of illustration, the highest harmonic for stator variables is equal to and for rotor variables is equal to . Therefore, we have the following vectors and matrices corresponding to (35), shown in the equations at the top of the page.
The last element of (35) to be described is the total inductance matrix. To illustrate its structure, we take only four representative inductance terms from (32a) as described below. All matrices in (36a)-(36d), and the ones obtained from similar inductance terms, are used to form the total inductance matrix in (35).
